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Abstract 

We say that a list of real numbers is “symmetrically realisable” if it is the 
spectrum of some (entrywise) nonnegative symmetric matrix. The Sym¬ 
metric Nonnegative Inverse Eigenvalue Problem (SNIEP) is the problem of 
characterising all symmetrically realisable lists. 

In this paper, we present a recursive method for constructing symmetri¬ 
cally realisable lists. The properties of the realisable family we obtain allow 
us to make several novel connections between a number of sufficient condi¬ 
tions developed over forty years, starting with the work of Fiedler in 1974. 
We show that essentially all previously known sufficient conditions are either 
contained in or equivalent to the family we are introducing. 
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1. Introduction 


This paper explores the spectral properties of symmetric nonnegative 
matrices. Nonnegative matrices were a topic of special interest of Hans 
Schneider: he had over fiftj^^ers in the area, the most relevant of these 
to our present paper being [l|, 1^. 
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Let a := (Ai, A 2 , • • •, A„) be a list of n real numbers. If there exists a 
nonnegative symmetric matrix A with spectrum a, then we say a is sym¬ 
metrically realisable and that A realises a. The Symmetric Nonnegative 
Inverse Eigenvalue Problem (SNIEP) is the problem of characterising all 
symmetrically realisable lists. 

Since the spectrum of a symmetric matrix is necessarily real, the re¬ 
striction that a consist only of real numbers is a natural one; however, if we 
allow A to be not-necessarily-symmetric, but consider only lists of real num¬ 
bers, then the resulting problem is known as the Real Nonnegative Inverse 
Eigenvalue Problem (RNIEP). 

In this paper, we describe a recursive method of constructing symmet¬ 
rically realisable lists, using a construction of Smigoc [^. The properties of 
the realisable lists obtainable in this way allow us to show that essentially 
all known sufficient conditions to date are either contained in or equivalent 
to the realisability we are introducing. This includes the method of Soules 
[3] (later generalised by Eisner, Nabben and Neumann [^), one of the most 
influential methods of constructing symmetrically realisable lists. Moreover, 
since we also show that the realising matrices we obtain by our method have 
the same form as the ones obtained by the method of Soules, our approach 
gives a new insight into Soules realisability. 

We also consider a sufficient condition for the RNIEP due to Borobia, 
Moro and Soto called “C-realisability” and a family of sufficient condi¬ 
tions for the SNIEP due to Soto j^. We show that C-realisability is also 
sufficient for the SNIEP and that a is C-realisable if and only if it satisfies 
one of Soto’s conditions. Such a are precisely those which may be obtained 
by our method or the method of Soules. The equivalence of all four methods 
is proved in Section 01 

In Section [2l we outline the background to and terminology used in this 
paper. In Section [3l we describe our recursive approach and prove several 
properties of the realisable lists which may be obtained in this manner. 
Section [5] can be seen as a survey of sufficient conditions for the SNIEP 
given in the literature, including Suleimanova [^, Perfect j^, Ciarlet [l^ . 
Kellog 11|. Salzmann 12|. Fiedler 13|. Borobia 14| and Soto 0 . We 
show that if a obeys any of these sufficient conditions, then a may also be 
obtained by our method. 


2. Preliminaries and notation 

To denote that a is symmetrically realisable, we may sometimes write 
a E IZn ■ In this paper, the diagonal elements of the realising matrix will 


2 






also be important; hence, if there exists a nonnegative symmetric matrix A 
with diagonal elements (ai, 02 , • • •, On) and specrum a, then we write 

fJ G j 0.2) ■ ■ ■ ) On) ■ 

If we wish to specify that Ai is the Perron eigenvalue of the realising matrix, 
we will separate Ai from the remaining entries in the list by a semicolon, 
e.g. we may write 

(Al, A 2 , • • • , Afj) G 
or 

(Al, A 2 , ■ ■ ■ , An,) G (oi, 02) ■ ■ ■ ) On) ■ 

The remaining eigenvalues A 2 ,A 3 ,...,An will generally be considered un¬ 
ordered. The diagonal elements oi, 02 ,..., On will also generally be cosidered 
unordered and they may appear in any order on the diagonal of A, i.e. we 
do not assume that Oj is the (i, i) entry of A. Sometimes we will assume 
that the A* or Oj are arranged in non-increasing order and if this is the case, 
we will say so explicitly. In this paper, TZ will always be replaced by either 
S or T-L, depending on whether we are considering realisability via Soules or 
our recursive method. 

We begin by stating some necessary conditions (due to Fiedler 0 ) for 
a to be the spectrum of a nonnegative symmetric matrix with specified 
diagonal elements: 

Theorem 2.1. [l^ // Ai > A 2 > • • • > \n, cli > a 2 >■■■> an > 0 
and {Xi, X 2 , ■ ■ ■, Xn) is the spectrum of a nonnegative symmetric matrix with 
diagonal elements (ai, 02 ,..., On), then 

Al > ai, 

n n 

^ Ai = ^ a, 
i=l i=l 

and 

S S —1 

Xi+Xk > tti+ Ufc-i +ttk 
i=l i=l 

for all 1 < s < k < n (with the convention that ai = 0). 

Fiedler also gave the following sufficient conditions: 
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Theorem 2.2. (I3l | Let Ai > A 2 > • • • > A„ and ai > 02 > • • • > a„ > 0 
satisfy the following conditions: 


^Ai>^aj: A: = 1 , 2 ,... ,n- 1 , 


i=l 


2=1 


^ Ai — ^ 

2=1 2 = 1 

^ ^k—1 • ^ — 2, 3, . . . 


, n — 1 . 


( 1 ) 


r/ien (Ai, A 2 ,..., An) is the spectrum of a nonnegative symmetric matrix 
with diagonal elements (ai, 02 ,..., a^). 

For n < 3, the question of whether a € 7?.„(ai, 02 ,..., an) is completely 
solved by Theorems 12.11 and 12.21 If n = 2, the matrix 


_ oi _ V (Ai — ai)(Ai — 02) 

(Ai — ai)(Ai — 02) ^2 

has spectrum (Ai, ai + 02 — Ai) and hence if Ai > A 2 and oi > 02 > 0, then 
(Ai,A 2 ) is the spectrum of a nonnegative symmetric matrix with diagonal 
elements ( 01 , 02 ) if and only if the following conditions are satisfied: 


Ai > oi, 

Ai + A2 = oi + 02. 


( 2 ) 


If n = 3, then the conditions of Theorems 12.II and l2. 21 are identical and hence 
if Ai > A 2 > A 3 and oi > 02 > 03 > 0, then (Ai, A 2 , A 3 ) is the spectrum of 
a nonnegative symmetric matrix with diagonal elements ( 01 , 02 , 03 ) if and 
only if the following conditions are satisfied: 


A2 < < Ai, 

A 3 < 03) 

Al + A2 + A3 = Oi + 02 + 03. 


(3) 


2.1. The Soules approach to the SNIEP 

Soules’ approach to the SNIEP focuses on constructing the eigenvectors 
of the realising matrix A. Starting from a positive vector x G Soules 
showed how to construct a real orthogonal nxn matrix R with first column 
X such that for all Ai > A 2 > • • • > A^ > 0, the matrix RAR^ —where 
A := diag(Ai, A^ ..., A„)—is nonnegative. This motivated Eisner, Nabben 
and Neumann to make the following definition: 
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Definition 2.3. Let R G be an orthogonal matrix with columns 

ri, r 2 ,..., ii is called a Soules matrix if ri is positive and for every 
diagonal matrix A := diag(Ai, A 2 , • • •, A„) with Ai > A 2 > • • • > A„ > 0, the 
matrix RAR^ is nonnegative. 

With regard to the SNIEP, a key property of Soules matrices is the 
following: 

Theorem 2.4. Let R be a Soules matrix and let A := diag(Ai, A 2 , ■ ■ ■, 
A„), where Ai > A 2 > • • • > A^. Then the off-diagonal entries of the matrix 
RAR^ are nonnegative. 

Therefore, li R = [riff is an n x n Soules matrix and A := diag(Ai, 
A 2 ,..., A„), where Ai > A 2 > • • • > A„, then a := (Ai, A 2 , • • •, A„) is the 
spectrum of a nonnegative symmetric matrix if the diagonal elements of 
RAR^ are nonnegative. This motivates the following definition: 

Definition 2.5. Let Ai > A 2 > • • • > A^ and let ai,a 2 , ■ ■ ■ ,an > 0. We 
write 

(Ai; A 2 , ■ ■ ■ , An,) G • • • ) On) (4) 

if there exists an n x n Soules matrix R such that the matrix RARff —where 
A := diag(Ai, A 2 , • • •, An)—has diagonal elements (oi, 02 ,..., an). We write 

(Ai, A 2 ,..., An) G Sn 

if there exist oi, 02 ,..., On > 0 such that (|4]) holds and we call Sn the Soules 
set. 


Eisner, Nabben and Neumann generalised the work of Soules by char¬ 
acterising all Soules matrices, fn order to state their characterisation, we 
require two definitions: 

Definition 2.6. Let M = ■ ■ ■ ,Afn) be a sequence of partitions of 

{1, 2,... , n}. We say that M is Soules-type if Af has the following properties: 

(i) for each i G {1, 2,... , n}, the partition A/) consists of precisely i snbsets, 
say Mi = {Mi,i,Mi^ 2 , ■ ■ ■ ,Mi^i}; 

(ii) for each i G {2, 3,... , n}, there exist indices j, k, I with 1 < j < i — 1 
and 1 < A: < / < z, such that A/i_i \ Mi-ij = A/) \ {A/i,fc,A/),;} and 
Mi—ij — Mi^k^Mi^i, i.e. Mi is constructed from A/i_i by splitting one 
of the sets A/i_iq, A/i_i, 2 , • • •, A/i_i,i_i into two subsets. 
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If AA = {Ml,M 2 , ■ ■ ■ ,Mn) is a Soules-type sequence of partitions of { 1 , 2 ,, 
n}, then we label the sets Mi^k and Mi^i in (ii) as M* and M**, i.e. for 
i G {2,3,..., n}, we define M* and A/"** to be those sets in Mi which do not 
coincide with any of the sets in A/i-i. 

Definition 2.7. Let x G M"’ be a positive vector and let M = {Mi,M 2 , 
... ,Mn) be a Soules-type sequence of partitions of {1, 2 ,... , n}. For each 
i G {2,3,... , n}, we define to be the vector in M" whose M component 
is: 

( Xi : i gM* 

\ 0 : i^M* 

and we dehne x^ to be the vector in M” whose component is: 

j Xi : iGM** 

\ 0 : i iM**. 


We are now ready to state the characterisation of Soules matrices due 
to Eisner, Nabben and Neumann: 

Theorem 2.8. jH Let X G M”" he a positive vector and let R be a Soules 
matrix with columns ri,r 2 , ■ ■ ■ ,rn, where ri = x. Then there exists a Soules- 
type sequence M of partitions of { 1 , 2 ,... ,n} such that ri is given (up to a 
factor 0 / ±lj by 


Ti = 



I (d I 


I -'(d I 


Mii) 


(5) 


i = 2,3,... ,n. 

Conversely, if x G is a positive vector with ||x ||2 = 1 and M is 
a Soules-type sequence of partitions of {1,2,... ,n}, then the matrix R = 
[ ri r 2 • • • Tn ] —with ri = x and r 2 , rs,... ,rn given by ^— is a Soules 
matrix. 


Remark. Note that, by ([5]), the entry of r* is nonzero if and only if 

j gM* CM**. 

Example 2.9. Let us show that (7; 5, —2, —4, — 6 ) G ^ 5 ( 0 , 0,0, 0,0). To see 
this, conside the vector 

„ _ r 1 1 _±_ 1 ^ 

I 2 2 2V2 4 4 
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and the partition sequence M = (A/i, A2, A3, A/4, A/5) (illustrated in Figure 
[T|), where 


AAi = {{1,2,3,4,5}}, 

AA2 = {{1,2},{3,4,5}}, 

AA3 = {{1,2},{3},{4,5}}, 

AA4 = {{1,2},{3},{4},{5}}, 

AAs = {{!}, {2}, {3}, {4}, {5}}. 

Using ([5]), we construct the Soules matrix 

{1,2, 3,4, 5} 

/ \ 

{1,2} {3,4,5} 

/ / \ 

{1,2} {3} {4,5} 

/ / / \ 

{1.2) (3) {4} {5} 

/ \ \ \ \ 

(1) (2) {3} {4} {5} 


Figure 1: Partition sequence Af 


- 1 
2 
1 
2 

^ — 2^ 
4 
4 

and the realising matrix 


A=RAR^= 


1 

2 

0 

0 

1 

V2 

1 

2 

0 

0 

1 

V2 

1 

vA 

0 

0 

2 V 2 

2 

^/3 

_ ]_ 

1 

n 

4 

2 V 2 

V2 

u 

V3 

_]_ 

1 

n 

4 

2 V 2 

U2 

vj 


0 

6 

1 

v/3 

V3 

2V2 

4 

4 

6 

0 

1 

U3 


2V2 

4 

4 

1 

2V2 

1 

2V2 

0 


V6 

V 3 

4 

V 3 

4 


0 

4 

U3 

4 

v/3 

4 

V6 

4 

0 


where A := diag(7, 5, —2, —4, —6). 


(6) 
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Note that if a is irreducible, then any realising matrix for a has a pos¬ 
itive Perron eigenvector; however, the condition that Soules matrices have 
positive hrst column means that certain reducible lists (which are trivially 
symmetrically realisable) are not contained in Sn] for example, (1,1) is sym¬ 
metrically realisable, but (1,1) 0 52- In order to complete the equivalence 
we prove in Section 01 we would like to include these reducible spectra in 
the Soules set. Hence we make the following definition: 

Definition 2.10. Let Ai > A 2 > • • • > and let ai,a 2 ,...,an > 0. We 
write 

(Ai, A 2 , • • •, A}^) G 5fi(cii, 02) • • •) Oji) (7) 

if there exist two partitions 

{1,... , n} = ..., U {af \ ..., U • • • U {af\ ..., 

{1,... ,n} = . .. ,/3W} U {/3f\ ... U • • • U .. .,/?£)}, 


such that 


’ • • • ’ ^ (“/3W ’ ’ ' ' ' ’ 


i = 1,2,... ,k. 


We write 

(Ai, A2,..., \n) £ Sn 

if there exist oi, 02 ,..., o^ > 0 such that ([7]) holds. 

The Soules set and its role in the SNIEP has been extensively studied, 
for example by McDonald and Neumann 16|] and Loewy and McDonald 
17|. Soules matrices and the associated orthonormal bases have also been 
considered elsewhere in the literature, for example in 1^, 19, 20, 21, In 
addition, Soules matrices have been applied to other areas of linear algebra, 
including nonnegative matrix factorisation 2^ , the cp-rank problem 124 
and describing the relationships between various classes of matrices [H, l2(ll |. 


2.2. A constructive lemma 

In [^, Lemma 5], given a nonnegative matrix B with Perron eigenvalue c 
and specrtum {c,V 2 ,n^,... ,ni) and a nonnegative matrix A with spectrum 
..., fJ^k) and a diagonal element c, Smigoc shows how to construct 
a nonnegative matrix C with spectrum (jM,l 22 , ■ ■ ■ ■, k'k-,1^2-,1^?,-, ■ ■ ■ For 
applications of this construction, see (3, 125 I . |26| . Furthermore, if A and B 
are symmetric, then C will be symmetric also. We state the symmetric case 
below. 
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Lemma 2.11. (sl] Let B be an I X I nonnegative symmetric matrix with 
Perron eigenvalue c and spectrum (c, ■ ■ ■ > and let Y G be an 

orthogonal matrix such that 

Y'^BY = diag(c, 1 ^ 2 , vi). 

Let Y he partitioned as 

Y =[v 

where v gM} and V G 
Let 

A \ ^ 

A :— j 

where Ai is an {k — l)x [k — 1) nonnegative symmetric matrix and a G 
is nonnegative and let X G be an orthogonal matrix such that 



X'^ AX = diag(//i,/i 2 , 


Let X be partitioned as 


X = 



where n G and U G i)xA:_ 
Then for matrices 


C := 


Ai av'^ 
va^ B 


and 


Z : = 


U 0 
vu"^ V ’ 


we have 

Z^CZ = diag(//i, |U 2 , ^ 2 , • • •, n)- 


2.3. C-realisability and the RNIEP 

In [^, Borobia, More and Soto construct realisable lists in the RNIEP, 
starting from trivially realisable lists, using three well-known results. 

Specifically, in 1997, Guo gave the following result, which states that we 
may perturb a real eigenvalue of a realisable list by ±e, provided we also 
increase the Perron eigenvalue by e: 


9 










Theorem 2.12. |27l | If{p, X 2 , A 3 ,..., A^) is realisable, where p is the Perron 
eigenvalue and X 2 is real, then 


{p + €) A 2 ± e, A 3 , A 4 ,..., Xn) 


is realisable for all e > 0 . 


Note also the following well-known result, also proved by Guo 



Theorem 2.13. |27l | If {p, X 2 , A 3 ,..., Xn) is the spectrum of a nonnegative 
matrix with Perron eigenvalue p, then for all e > 0, {p + e, X 2 , A 3 ,..., A„) 
is the spectrum of a nonnegative matrix also. 


Finally, recall that the spectrum of a block diagonal matrix is the union 
of the spectra of the diagonal blocks, in other words: 

Observation 2.14. //(Ai, A 2 , • • •, Am) and {pi, p 2 , ■ ■ ■, Pn) o,re realisable, 
then (Ai, A 2 , • • •, Am, Pi,p 2 , ■ ■ ■, Pn) is realisable. 

Borobia, Moro and Soto make the following definition: 

Definition 2.15. A list of real numbers (Ai, A 2 , ■ ■ ■, A„) is called C-realisable 
if it may be obtained by starting with the n trivially realisable lists ( 0 ), ( 0 ), 

..., (0) and then using results 12.12112.131 and 12.141 any number of times in 
any order. 

Example 2.16. In Example 12.91 we showed that (7, 5,—2,—4,— 6 ) G ^ 5 . 
To see that (7, 5, — 2 , —4, — 6 ) is C-realisable, consider the following series of 
steps: 

1 . ( 0 ),( 0 ),( 0 ),( 0 ),( 0 ) 

2 . ( 0 , 0 ),( 0 , 0 ),( 0 ) 

3. (6,-6),(4,-4),(0) 

4. ( 6 ,- 6 ), (4,0,-4) 

5. ( 6 ,- 6 ), ( 6 ,-2,-4) 

6 . ( 6 , 6 ,-2,-4,- 6 ) 

7. (7, 5,-2,-4,- 6 ) 


We used Ovservation 12.141 at steps 1 —>■ 2, 3 —)• 4 and 5 —>■ 6 . We used 
Theorem 12.121 at steps 2 —3, 4 —)• 5 and 6 —)• 7. 
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Of course, if a is C-realisable, then a is realisable. Note that while the 
symmetric analogues of Theorem 12.131 and Observation 12.141 hold, it is an 
open question whether the symmetric version of Theorem 12.121 is true. We 
prove in Section U] that if a is C-realisable, then a is symmetrically realisable. 


2.4- A family of realisability criteria in the SNIEP 

Based on a theorem of Brauer, Soto gives a family of realisability 
criteria denoted Si, § 2 , • • • (not to be confused with Sn), such that if a list 
of real numbers a := (Ai, A 2 ,..., A„) satisfies the criterion Sp for some p = 
1 , 2 ,..., then a is realisable. Soto also shows in that the Sp criteria are 
sufficient for symmetric realisability. In order to state Sp, we will require 
some terminology and notation from [^: Let a := (Ai, A 2 ,..., A„), where 
Ai > A 2 > • • • > An, and let iL be a realisability criterion. Then we write 

O' £ Qk 


if a satisfies the criterion K. The Brauer K-negativity of a is defined to be 
the nonnegative number 

A/i<'(fT) := min{e > 0 : (Ai -h e, A 2 , A 3 ,..., An) G Qk}, (8) 

and if (T G Qk, then the Brauer K-realisability margin of a is defined to be 
Mk(o-) := max{e G [0, Ai - A 2 ] : (Ai - e, A 2 , A 3 ,..., An) G Qk}- (9) 


The Sp criteria are now defined recursively: We say a satisfies the Si 
criterion if 

Ai > —An — ^ Ti, 

Ti<0 


where 


Ti Xi An- 


n—2+1 


i — 2, 3, 



and for odd n > 3, Tn+i := min |Ar^, 01. 

For p = 2, 3,..., we say that a satisfies the Sp criterion if there exists a 
partition of a into sublists ai,a 2 , ■ ■ ■ ,crr, where 


— 1 ^1 , ^2 ) • • • ) ) 

: i = l 

2 ,.. 

■,r 

N 

+ 

II 

✓ 




A® > 0 

: i = l 

2 ,.. 

. ,r 

A?>A«>...>A« 

: i = l 

2 ,.. 

. ,r 


( 10 ) 
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such that (Ti € Q§p_i and 

Ai>7+ (11) 

where 

7 := max{Ai - (ai), \ .., A^'’^}. (12) 

Note that if we allow r = 1 above, then we have: 

Observation 2.17. If a satisfies Sp, then a satisfies Sp+i. 

Theorem 2.18. (3] Xf <7 satisfies E>p for any p, then a is symmetrically 
realisable. 

Example 2.19. In Example 12.91 we showed that a := (7,5,—2,—4, —6) E 
^5 and in Example l2.16l we showed that a is C-realisable. It is easy to check 
that a does not satisfy Si; however, consider the partition a = {(Ti,(T 2 ), 
where cri = (7,-6) and a 2 = (5,—2,—4). Then A4si(<7i) = A/§^((T 2 ) = 1 
and hence a satisfies S 2 . 

3. A recursive approach to the SNIEP 

Here, we describe a method of recursively constructing symmetrically 
realisable lists, starting with lists of length 2 and repeatedly applying Lemma 
12.111 Formally, we define the set Hn in the following way: 

Definition 3.1. For a > 0, we write (A) E 77i(a) if A = o. For 01,02 > 0, 
we write (Ai; A 2 ) E 772 ( 01 , 02 ) if Ai > max{ai,a 2 } and Ai + A 2 = oi + 02 - 
For oi, 02 ,..., Om > 0, we write 

(Ai; A 2 , . . . , A 777 , ) E 77m(“l) “2 , . . . , (Xrfi ) (13) 

if there exist two partitions 

{2,3,... ,m} = ( 01 , 02 ,... ,Ofc} U {/ 3 i ,/32 , ■ ■ ■ , 

( 1 , 2 , = {7i,72,...,7fc}U{(5i,52,...,(5m-fc} 

and a nonnegative number c such that 

(Ai, Aq-j^ , Aq ,2 , ■ ■ ■, Aaj.) E 77fc-(-i {a ^^, a^ 2 , • • •, ^ 7 ^, c) 

and 

(c, A^J^ , A ^2 j ■ ■ ■ , ) E Hm — k (n(5l , 0,62 , • • • , 0,Srn.-k)' 
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We write 


(Ai, A2,..., Xn) € T-Ln 


if there exist ai,a 2 , ■ ■ ■ ,an > 0 such that (fT3]l holds. 

Note that by Lemma 12.111 if (Ai; A 2 ,..., A„) G 02 ,..., a„), then 

(Ai, A 2 ,..., An) is the spectrum of a nonnegative symmetric matrix with 
diagonal elements (oi, 02 ,..., On). 

Example 3.2. In Example 12.91 we showed that a := (7, 5, —2, —4, —6) G ^ 5 , 
in Example 12.161 we showed that a is C-realisable and in Example 12.191 we 
showed that a satisfies S 2 . Let us now show that a G To do this, we 
need only show how to progressively decompose a according to Definition 
ixn One such decomposition is given in Figure [2J 


(7; 5,-2,-4,-6) G 7 ^ 5 ( 0 ,0,0,0,0) 


(7; 5, -6) G 7 ^ 3 ( 0 ,0,6) (6; -2, -4) G 7 ^ 3 ( 0 ,0,0) 



(6; -6) G 7 ^ 2 ( 0 , 0) ( 4 ; -4) G 7 ^ 2 ( 0 ,0) 




Figure 2: Decomposition of a into lists of length 2 


Note that the conditions given in m coincide with the definition of 
7^2(“i,a2) and hence (Ai,A2) is the spectrum of a nonnegative symmetric 
matrix with Perron eigenvalue Ai and diagonal elements (01,02) if and only 
if (Ai;A 2 ) G 7 ^ 2 ( 01 , 02 )- In the following lemma, we show that the same 
holds for n = 3 : 

Lemma 3 . 3 . Let Ai > A2 > A3 and oi > 02 > 03 > 0 . If (Ai,A2,A3) 
is the spectrum of a nonnegative symmetric matrix with diagonal elements 
(01,02,03), then 

(Ai; A2) G 7^2(01, c) and (c; A3) G 7^2(02,03), 
where c := Xi + X 2 — ai- In particular, (Ai; A2, A3) G 7^3(01,02,03). 
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Proof. The result follows easily from ([3|) and the definition of ^ 2 - D 

Suppose that for all n G {2,3,..., m — 1} and ai, 02 ,..., Om-i > 0, 
the sets ^„(ai, 02 , ■ ■ ■, 0 ^) are known and we wish to determine whether 
(Ai; A 2 ,..., Am) G 'Hm{bi,b 2 , ■ ■ ■, bm). Our next result shows that Tim de¬ 
pends only on Tim-i and 'H 2 '. 

Theorem 3.4. Let n > 3, let Xi > X 2 > ■ ■ ■ > Xn and let 01 , 02 , ... , 0 ^ 
> 0. Then (Ai; A 2 , ..., A^) G TLn{ai,a 2 , ■ ■ ■ ,an) if and only if there exist 
s, t G {1,2,... , n}, s < t, such that 

(Ai; A 2 ,..., An_i) G 

TLn—i{,ai ,..., Os— 1 , Os+i,..., Oi— 1 , flt+i,..., Ofi, c) (14) 

and 

(c; An) G "^ 2 ( 05 , 01 ), (15) 

where c := as + at — Xn- 

Proof. That (flTl) and (fT^ imply (Ai; X 2 ,... ,Xn) G T-Ln{ai,a 2 ,... ,an) follows 
from Definition l3.ll Conversely, assume (Ai; A 2 ,..., A^) G ^n(oi, 02 ,..., o^). 
We claim that there exist s and t such that da and (lisp hold. 

We prove our claim by induction on n. If n = 3, then the claim follows 
from Lemma 13.31 Now assume the claim holds for all n G {3,4,... , m — 
1}, m > 4, and suppose (Ai; A 2 ,..., Am) G ^m(ai, 02 , ...,Om). Then 
there exist a partition of {2, 3,... , m} into two subsets {ai, 02 ,..., and 
{Pi,/32 , ■ ■ ■, Pm-k-i}, a partition of {l, 2 ,...,m} into two subsets { 71 , 72 , 

..., 7 fc} and {5i, ^ 2 ,..., dm-k} and a nonnegative number c such that 

(Ai, Aq-j^ , Aq ,2 ,..., ^ak ) € (^71 , ^72 , ■ ■ ■, , c) (16) 

and 

(c, A^j^, A^ 2 ) ■ ■ ■) ^hm-k-i) ^ Td-m—k (n(5i, ®(52) • • •) (I'l) 

We will show that this implies the existence of some s and t such that 

(Al, A 2 , . . . , Am— 1 ) G 

Hm—iiai ,..., ds -1 , Os+i,..., at—I, dj+i , . . . , dmi C ) (18) 

and 

(c; Am) G ^ 2 ( 05 , 04 ), (19) 

where c := ag + at — Am. 
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Without loss of generality, assume that the a,, /3j, 7 , and di are labelled 
so that ai < 02 < ■ ■ ■ < Ok, /3i < (32 < ■ ■ ■ < Pm-k-i, 7 i < 72 < • • • < 7 fc 
and < (52 < • • • < 3m-k- Since the Aj are ordered also, we must have 
either = m or f3m-k-i = If ctk = w-; then we must distinguish the 
cases k = 1 and /c > 1. If then we must distinguish the cases 

k = m — 2 and k < m — 2. In summary, we need to consider four possible 
cases: 

Case 1: k = m — 2, f3i = m 

Case 2 : k < m — 2, f3m-k-i = rn 
Case 3: k > 1, Ok = m 

Case 4: k = 1, oi = m 

Case 1: There is nothing to prove. 

Case 2: Applying the inductive hypothesis to CZl), there exist E 
{1, 2,... , m — A:}, s < t, such that 

; ^^2 5 ■ ■ ■ 5 fc—2) ^ 

( 20 ) 

and 

(c; Am) € 7^2(®(5a ) (^I) 

where c := 05 . + agf. — Am- Hence, if we let s = dg and t = 6f., then by 
Definition 13.11 (fTOl) and (1201) imply (fTSI) . and ([ 2 T]) becomes (fT^ . Hence, in 
Case 2, we have completed the inductive step and established our claim. In 
the remainder of the proof, we will make frequent use of Definition 13.11 
Case 3: Applying the inductive hypothesis to (fTOj) . we see that one of 
the following two sub-cases must hold: 

Case 3 (a): There exist s,t £ {1,2,... ,k}, s <t, such that 


(Al, Aq.^ , Aq.2 ; ■ ■ ■ ; Aq^_^ ) G 

'Hk{<l'ri ) • • • ) O.'yg-I ) ®7a+i) • • • ) ®7t_i ’ ®7f+i) • • • ) ®7fe > 

and 

(c; Am) G ?^2 (073 ) )) (^ 3 ) 

where c := a-,,. -|- a^- — Am- In this case, if we let s = 'yg and t = 7 ^, then ([ 2 ^ 
and (fT7)l give m, and ()23jl is becomes (llOp . which establishes the claim in 
Case 3 (a). 

Case 3 (b): There exists h £ {1,2,... ,k} such that 


(Ai;A 


01 1 Aq 2 ? • 


) -^aj;—!) £ T~Lk(a. 


. 71 ,..., a^f^_-^, ,... ,a. 


7fe 


.,c') ( 24 ) 
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and 


( 25 ) 


(c ) Am) £ T~i2 ’ ^)’ 

where d := a-y^ + c — Am- In this case, ([251) and (fT7|) imply 

(c ; A,gj^, A^Sj , ■ ■ ■ , ^j3m-k-i ! ^m) € Afm-k+l{0'Si, 052 ) • • • ) ^Sm-k ’ ®7/i)' (^®) 

Form equations ([Mil and (f26]l . we see that we have reduced the problem to 
Case 2 . 

Case 4- In Case 4, if we set /i ;= 71 , then (HID and (HZl) become 

(Ai; Am) G ^ 2 ( 0 / 1 ,c) (27) 

and 

(c, A 2 , A 3 , . . . , Am— 1 ) G T~Lra—l (oi; • • • ; O/i —1 j O/i+l j ■ ■ ■ ; O-m) j (28) 

respectively. Applying the inductive hypothesis to (l28l) . there exist p,q G 
{ 1 , 2 ,..., m} \ {h}, p < q, such that 

(c; A 2 , A 3 , . . . , Xfji—2 ) G Tim—2 (Ori) Or 2 ) • • • j 0,rm-3 ) ) (^9) 

and 

(c'; Am-i) G 'H 2 {ap, aq), (30) 

where {ri,r 2 ,.. • ,rm- 3 } = { 1 , 2 ,... ,m}\{p,q,h} and c' := Op + Og - Am-i- 
Then, by (l27)l and ([29|), 

(Al, A 2 , A 3 , . . . , Am— 2 , Am) € 77m —1 (o-ri, Or 2 , • • • , O-r^—s , Oft,, C ), (31) 

and now, examining (j31j) and (j30p . we see that we have reduced the problem 
to Case 3. This establishes our claim in Case 4 and completes the proof. □ 

Recall Observation 12.141 and Theorems 12.131 and 12.121 which are the 
foundation of the definition of C-realisability. In order to prove that the 
lists in 77n are precisely the C-realisable lists, we need to show that the 
analogues of these three theorems hold also for lists in Tin- This is the focus 
of our next three results. 

Firstly, observe that, trivially, (Ai;^i) G 772 (Ai,^i). Therefore 
(Ai; A 2 , . . . , A 777 ,, pi) G 77m+i(ai ,^2 ,..., dffi , m) 


and hence we have: 
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Observation 3.5. //(Ai; A2,..., A^) S 'Hm{ai,a2, ■ ■ .,am), 

G 'Hn{bi, 62, • • •, bn) and Ai > fii, then 

(Al, A2 :■■■■> AjTi, fli, fi 2 ) ■ ■ ■ ) hn) G 'Hni+n (®1 j ®2 , . . . , drfi’) 61,62, ■ ■ • ,6n). 

By Observation 13.51 % is closed under union. Mirroring our definitions 
of S and 5, we would like to have a notion of “irreducibility” for lists in 
Therefore, we make the following definition: 

Definition 3.6. We write 


(Ai; A 2 ,..., An) G 'Hn{ai,a2, ■ ■ ■, an) (32) 

if (Ai; A 2 ,..., An) G 'Hniai,a 2 , ■ ■ ■, an) and there do not exist partitions 

{1,2, ...,n} = {pi,p 2 ,...,pi}'J{qi,q 2 ,...,qn-i}, 

{1,2,..., n} = {ri, r 2 ,..., r/} U (si, S 2 , • • •, Sn-i}, 


such that 

and 

We write 


(Api; Ap2 , ■ ■ ■ , Apj) G T~Ll (Ur-i, Or2 , • • • , ) 


(Aqi; Aq 2 , • • • , ^Qn-l ) ^ T~Ln—l (o-si, O, 


S2 , • • • , “Sn-i ^ 


(Ai,A2,...,An) gK 

if there exist oi, 02,..., Un > 0 such that (f32]l holds. 

We now give the analogue of Theorem 12.131 for lists in Tin ■ 

Lemma 3 . 7 . If (/?; A2, A3,..., An) G 7 ^n(ai, ^2, ■ ■ ■, On), then for all e > 0 , 

{p + f j A2, A3,..., An) G Hniai + e, 02,03, • • • , an)- 

Remark. Note that since the ai are unordered in Lemma 13.71 oi can take 
the place of any of the diagonal elements ai, 02,..., On. 


Proof of Lemma \Rl\ We proceed by induction on n. If n = 2 and (p; A2) G 
762(01,02), then p > max{ai,a2} and p + A2 = oi + 02. Hence p + e > 
maxjai + e, 02} and (p + e) + A2 = (oi + e) + 02. Therefore (p + e; A2) G 
762(01 + 6,02). 

Now assume that the assertion holds for all n G {2,3,..., m — 1} and 
consider the case when n = m. If (p; A2, A3,. .., Am) G 76 m(ai, 02, . . ., 
Om), then there exist a partition of {2,3, ...,m} into two subsets {ai. 
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02, ■ ■ ■, Oik} and {( 3 i,/ 32 , ■ ■ ■ ,f 3 m-k-i}, a partition of {1, 2,... ,m} into two 
subsets {71,72, ■ ■ ■, 7fc} and {Ji, ^2,..., 5 m-fc} and a nonnegative number c 
such that 


(p'A ai , ^OL 2 , • • • , ^ "^/c+l (^71, ^'-^2 , • • • , ^7fc , 0) 

and 

(C, , • ■ ■ , ^Prn-k-l ) ^ T~(-m—k{0‘Si , ^<52 , • • • , ' (3^) 

We now distinguish two possible cases: the case when 1 G { 71 , 72 , • • •, 7fc} 
and the case when 1 G {5i, ^ 2 , ■ ■ ■, ^m-k}- 

Suppose 1 G { 71 , 72 , ■ ■ ■, 7fc}- Without loss of generality, we may assume 
that 1 = 71 - By ([33]) and the inductive hypothesis, we have that 

(p + e; A ai , Aq /2 , • • • , Aq,^ ) G 'hik+l (^1 “1“ ^72 , ^73 , ■ ■ ■ , O^^k ’ 

and hence by (1351) and (fM|l . 

{p + O', A 2 , A 3 , . . . , A 772 ) G 'Hmioi + e, 02,03 , . . . , CljTT, )• (36) 

Now suppose 1 G {5i,52, ■ ■ ■ ,Sm-k}- Without loss of generality, we may 
assume that 1 = 5i. Applying the inductive hypothesis to (|3^ and (l34]l . 
gives 

{p + O', Aq,^ , A 02, • • •, Aq,^ ) G 'l~Lk-\-\ (^71, ^72, ■ ■ ■, ^7fe, ^ A e) 

and 


(C “t“ e, A^^ , A ^2 , • ■ ■ , ^Prn — k — l ) ^ '^Tll — k (^1 “{“ €, 0(52 ’ ^<^3 , • • • , ) , 


respectively. Hence ([ 36 |) holds, as before. 


□ 


Note that Lemma [Q is true in general: in | 28 [ |. Laffey and Smigoc 


show that if (p, A2, A3,..., A^) is the spectrum of an irreducible nonnegative 
symmetric matrix with diagonal elements (oi, 02,. . ., o^), then for all e > 0, 
(/9 + e, A2, A3,..., An) is the spectrum of a nonnegative symmetric matrix 
with diagonal elements (oi + e, 02,03,..., o^). 

We now give the analogue of Theorem 12.121 for lists in T-Ln'- 


Theorem 3 . 8 . Suppose {p', X2, X3, ■■■, Xn) G'HnioLi,a2, ■■■ ,an) and e > 0. 
Then 


(i) {P + fi A2 ~ 0, A3, A4, . . . , An) G TLn{ai, 02, ..., On); 
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(ii) there exist s,t & { 1 , 2 ,..., n}, s < t, such that 

(p + -^2 + C) ^3, A 4 ,..., An) E 

^n(®l) • • • ) 1 ) “ 1 “ C) ) • • • ) ®i— 1 ) “ 1 “ 0,t+l ) • • • ) 0 , 71 )- 

In particular, if{p, A 2 , A 3 ,..., A^) E Tin, then {p+e, A 2 ±e, A 3 ,..., An) E Un- 

Remark. Since the Aj are unordered, A 2 may take the place of any of the 
eigenvalues A 2 , A 3 ,..., An. 

Proof of Theorem \&.8l We first consider the case when n = 2. Suppose 
(p; A 2 ) E "^ 2 ( 01 , 02 )- Then p > max{ai,a 2 } and/9 +A 2 = ui+ 02 - Therefore 
p + e > maxjai, 02 } and {p + e) + (A 2 — e) = 04 + 02 . Hence [p + e; A 2 — e) E 
^ 2 (ai,a 2 )- Similarly, p + e> maxjoi + e, 02 + e} and (p + e) + (A 2 + e) = 
(oi + e) + (02 + e). Hence {p + e; A 2 + e) E ^ 2(01 + e, 02 + e). 

Now assume the statement holds for all n E {2, 3,... , m— 1} and suppose 
(p; A 2 , A 3 ,..., Am) E 'Hrn{ai,a 2 , ■ ■ ■ ,am)- Then there exist a partition of 
{2,3 ,... ,m} into two subsets {ai,a 2 , • • • ,ctk} and {/3i,/32, ■ ■ ■ ,/3m-fe-i}, a 
partition of { 1 , 2 ,... ,m} into two subsets { 71 , 72 , ■ ■ • , 7 a:} and {( 5 i,( 52 , • • •, 
Sm-k} and a nonnegative number c such that 

(/^, Aq-j^ , Aq 2 , • • •, Aq,^ ) E I~Lk-\-i 71 ) ®72 ) ■ ■ ■ ) ® 7 S; ) c) (37) 

and 

(c, A^j^, A ^2 , ■ ■ ■ , ^ T~lm—k (®(5i, ®(52 >•••'> ) ■ (^^) 

Assume also that the 7 ^ and 6i are labelled so that 71 < 72 < • • • < 7 fc and 
<5i < (^2 < • • • < hm-k- We must distinguish between two possible cases: 
2 E {ai,a 2 , ■ ■ ■ ,afe} and 2 E {/ 3 i ,/32 , • • • , (^m—k—l\- 

Case 1: Suppose 2 E {ai, 02 ,..., Oik}- Without loss of generality, assume 
2 = ai. By ([37)1 and the inductive hypothesis, 

(p + e; X 2 — e, X ot2 ; ; ■ ■ ■ 5 ^ (*^71 ? ^72 ; ■ ■ ■ ; ^7fc ? c) (39) 

and hence by (l3^ and (1381) . 

{p + e; A 2 — e, A 3 , A 4 ,..., Am) E 77m(oi, ^2 , . . . , (IfYi ). (40) 

This proves (i) in Case 1. The inductive hypothesis also guarantees that one 
of the following sub-cases holds: 

Case 1 (a): There exist E {1,2,... s <t, such that 
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{p + e, A 2 + e, A 0.2 1 ^oz ; • • • ? '^CKfe ) ^ 

, • • • , 0‘'yg_i ) (k'Ys + O 7 S+ 1 ) • • • 1 ®7£_1 ’ ®7£ ®7f+i > • • • > ^"fk > (^1) 

In this case, by (HD) and (l38|) . 

{p + €) ^2 + A3, A4 , . . . , Xfn) ^ 

• • • ? ^S— 1 ; tls “ 1 “ O^S + 1 ? • • • ? O^t+ 1 ? • • • ? O^m)-) (42) 

where s = jg and t = This proves (ii) in Case 1 (a). 

Case 1 (b): There exists s E {1, 2,..., k}, such that 


(p + e, A 2 + e, Ac 2 ) Aog, ■ ■ ■, Acj,) E 

T~Lk+l (®71) ■ ■ ■ ) ®7i_i) ®7s T f) ®7s+i) • • • ) ®7fe T T f)- (43) 

In this case, applying Lemma [3^1 to (|38|) . we have 

(c T £) ) A ^2 ) ■ ■ ■ ) ^Prn — k — l') ^ T~^m — k (®(5l T ®52 > ®l53 ) • • • ) ) ■ (44) 

and hence ()42p follows from ()43p and (I44p . where s = min{ 7 ^,( 5 i} and t = 
max{ 75 , 5 i}. This proves (ii) in Case 1 (b). 

Case 2: Suppose 2 E {/3i, / 32 , • • •, /3m-fc-i} and without loss of generality, 
assume 2 = /3i. By ([37P and Lemma ISTl 

(/? + e; A ai ) Aq .2 , • • •, Aq,j, ) E T~Lk+\ (® 7 i) ® 72 ) • • •) ® 7 /i) c + e). (45) 

Applying the inductive hypothesis to (l38ll . 

(c + e, A 2 ~ e, A ^2 ) 1 ■ ■ ■ 1 ^Prn-k-l ) ^ 'H-m — k (®<5l ) 0.(52 1 ■ ■ ■ -I ^Sm-k)' (46) 

and there exist s, t E {1, 2,... , m — k}, s < t, such that 

(c + e; A 2 + e, , A /33 > • • • > ^Pm-k-i ) ^ T~Lm.-k 

(0(5l 1 ■ ■ ■ 1 0 ( 53 _i ) 0<5j T f) 0(5^ + ! ) ■ ■ ■ ) ®5 £_i > ®(5£ T + l > ' ' ' ’ ^&m-k)' (4f) 

Equation (j40p then follows from (|45p and (I46p . which proves (i) in Case 2. 
Equation (|42l) follows from (I45p and (I47p . where s = 5^ and t = 5^. This 
proves (ii) in Case 2 . □ 

In [^, Guo conjectured that the symmetric analogue of Theorem 12.121 
holds, i.e. that if a := (p, A 2 , A 3 ,..., A„,) is symmetrically realisable, then 
{p + e, A 2 ± e, A 3 , A 4 ,..., An) is symmetrically realisable also. Whether this 
conjecture is true remains an open question; however. Theorem 13.81 shows 
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the conjecture holds when a G Tin- In particular, it says that if fi G Tin, 
then we may always increase the spectral gap whilst preserving symmetric 
realisability. Next, we show that if a G Tin, then it is also possible to 
decrease the spectral gap in the following sense: If (Ai, A2, • • •, A^) G 
where Ai > A2 > • • • > A„, then there exists 0 < e < ^(Ai — A2) such that 
(Ai — e, A2 + e, A3, A4,..., \n) G T-Ln \ 

Theorem 3 . 9 . Let Ai > A2 > • • • > A^ and ai, a2, ■ ■ ■, an > 0 . Then 
(Ai; A2,..., A„) G Tiniai, 02,, an) if and only if there exist 

0 < e < -(Ai — A2) 

and two partitions 

{ 3 , 4 , ...,n} = {pi,p2,... ,pi-i} U {qi,q2,... ,qn-i-i}, 

{1,2, ...,n} = {ri,r2,...,n}U{si,S2,...,Sn-z}, 

such that 

(Al 6, , Xp 2 ; ■ ■ ■ ? Ap^_j^ ) G Hi , aqr ‘2 ? • • • ? ^ri ) ( 49 ) 

and 

(A2 + e; Agj^, Ag2,... j G 'Hn—i{<isi, ffls2) ■ ■ ■ j ^s„_i)- ( 50 ) 

We allow the possibilities I = 1 , in which case {pi,P2, ■ ■ ■ ,Pi-i} is the empty 
set, and I = n — 1 , in which case {qi, q2, ■ ■ ■, qn-i-i} is the empty set. 

Proof. First suppose there exist e G [ 0 , ^(Ai — A2)] and partitions of the form 
( 148 |) such that and (f 50 ]l hold. Then by Observation 13.51 

(Al — e; A2 + e, A3, A4 ..., An) £ ^n(ai, 02,..., On) 

and hence by Theorem 13.81 (Ai; A2,..., An) G 'Hn{<ii,a2 ,..., Un)- We claim 
the converse holds also. 

If n = 2 , then for e = Ai — ai, we have Ai — e = oi and A2 + e = 02. 
Hence (Ai — e) G 'Hi{ai) and (A2 + e) G ^1(02) and so the claim holds in 
this case. Now assume the claim holds for n = m — 1 and consider the case 
when n = m. 

Suppose (Ai; A2,..., Am) e ■ ■ ■ Wm)- Then by Theorem 13.41 

there exist s, t G { 1 , 2 ,..., m}, s < t, such that 

(Ai; A2,..., Am-i) G 
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1 ■ ■ ■ — ^S+l ? • ■ ■ ; O^t+1 ? • • • ; C ) (51) 

and 

{c;Xm) &'H 2 {as,at), ( 52 ) 

where c := Ug + at — \m- Let us now apply the inductive hypothesis to (| 5 T]l : 
we will need to distinguish between the two possible cases c E {ri, r2, ..., n} 
and c E {si, S2i • • • ? /— i}* 

Case 1 : There exist e E [ 0 , l(Ai — A2)] and two partitions 
{3,4,... ,m - 1} = {pi,P2, • • • U {^1,^2, ■ ■ 

{1,2,. . . ,m} \ {s,t} = {fi,h,-- -,^1-1} U {si,S2,.. • 
such that 


and 


(Ai — e; Ap^, A; 


'Pi ? ^'P 2 ’ • • • 5 


^Pi‘_i) ^ T~l-j-{a. 


Ti J 0 ,f 2 ) ■ ■ ■ ) f 


- 1 ’^) 


(53) 


(A 2 + e; Ag^, Agj,..., Ag^_-_^) E as2, • • •, ®s^_;-_^)- (54) 

In this case, by Definition 13.11 (f53|) and ([5^ imply 

(Ai e, Apj^, Ap 2 ) • • • ) ^Pi_i ) ^m) € (o-fi) ®r 2 :■■■'! : 0,s: 0,t) (55) 

and after some relabelling, (l55]l and (|54l) become 

(Ai — e; Apj^, Apj j • ■ ■; ^pi-i ) ^ T~Li{ari , nr2 > • • • > ) 

and 

(A 2 + e; Agj^, Aq2 , • • • , ) E 'Hm-l (flsi) fls2 ) ■ ■ ■ ) )) 

respectively. This completes the inductive step and establishes the claim in 
Case 1. 

Case 2: There exist e E [0, ^(Ai — A 2 )] and two partitions 

{3,4, . . . ,m - 1} = {pi,P 2 , • • • ,Pl-l] U {^ 1 ,^ 2 , ■ • . ,9m-Z-2}, 

{1, 2,... , m} \ {s, t} = {ri, r 2 ,..., n} U {si, S 2 ,..., Sm—i— 2 }) 

such that 

(Ai — e; Apj^, Apj, ■ ■ ■, Apj_j^) E T~Li(ar ^, cir2> • • •) ) 


and 


(A 2 + e; Agj^, Agj) E T-Lm—i—iifist ■> 0‘S2 ■>■■■■> (^s^_i_2 ) ■ (56) 

In this case, we may apply Definition [3T] to (|56l) and (1521) and the remainder 
of the proof is analogous to Case 1. □ 
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We finish this section by proving a property of T-Ln which will not have 
an application in proving our main equivalence result, but which is of inde¬ 
pendent interest. The effect of adding zeros to a list a has been extensively 
studied in the NIEP (see, for example, an d 1^ 1. The effect of adding 
zeros has also been studied in the SNIEP (see |3ll|l. Our next result shows 
that adding zeros to a does not affect whether a £ l-Ln'- 

Theorem 3.10. If 


(Ai; A 2 , • • • , An, 0) G Hn+l (oi, O 2 , . . . , Un+l), 

then there exist s, t G {1, 2,... , n + 1}, s < t, such that 
(Ai; A 2 ,..., An) G 

Hn (®1) ■ ■ ■ ) Q-s—1) fls+l) ■ ■ ■ ) 1) (^t+1 ) ■ ■ ■ ) 0,n+l ) Q-s T Uj) ■ 


In particular, i/ (Ai, A 2 ,..., An, 0 ) G Hn+i, then (Ai, A 2 , • • •, An) G Hn 


Proof. If n = 1 , then the conclusion follows trivially. Now suppose n = 2 
and let 

(Ai; A 2 , 0 ) G ^3(01, 02 ,03), 

where oi > 02 > 03 > 0. Then from the conditions given in (j3|). 


Ai > oi, 

A2 < Ol, 


and 


Al + A2 = Ol + 02 + 03. 


Combining (l58]l and (f59]l . 

Ai > 02 + 03 

and hence from ([57)1 . (l60l) and (l5^ . we see that 


(57) 

(58) 

(59) 

(60) 


(Ai; A 2 ) G 772 ( 01 , 02 + 03). 


Now assume the assertion holds for all n G { 1 , 2 ,... , m — 1 } and consider 
the case when n = m. If 


(Ai; A 2 ,.. ■ ; 1 0 ) G T~Lm+l (oi , O2, ■ ■ ■ , Om+l), 

then by Definition 13.11 one of the following cases must hold: 
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Case 1: There exist a partition of {2,3,... ,m} into two subsets (ai, 
CK 2 ) ■ ■ ■ ) ctfc} and {/3i, / 32 , ..., fim-k-i}-, a partition of ( 1 , 2 ,..., m+ 1 } into two 
subsets { 71 , 72 , ■ ■ ■, 7 fc} and {5i,52, ■ ■ ■, 5m-k+i} and a nonnegative number 
c, such that 


(Ai, , Aq .2 , ■ ■ ■, Aq^ ) G (a 71 ) ^72 ) • • • > ®7fe ’ ) (61) 

and 

(c, A,3 j^ , A ^2 , • • • , ’ 6 ) € '^m—k + 1 (O-^l , 0-52 ) ' ' ' ) a^m-fe + l ) ' (62) 

In this case, applying the inductive hypothesis to (fSSIl . we see that there 
exist s, t G (1, 2,... , m — A; + 1}, s < t, such that 

(C, , Ay32 , . . . , ) G 

'^ra—kiflSi , • • • , 1 ’ ®<5j+i) ' ' ' ) > ^<54+1 > • • • ) ®<5m—fc+i > ®<5s (63) 

and hence, assuming the 5i are labelled so that di < <52 < • • • < 5m_fc+i, 
(f 6 T]l . (|63]) and Definition 13.11 imply 

(Ai, A 2 , ■ ■ ■, Am) G 

T~Ln (ai, ■ ■ ■ ,®s— 1 , Os+l, ■ ■ ■ , 1 , 1 ■ ■ ■ 1 (k-n+l , T Ut), (64) 

where s = 6 $ and t = This completes the inductive step in Case 1. 

Case 2: There exist a partition of {2,3,... ,m} into two subsets {ai, 
0 ( 2 , • • •, Oik} (which may be empty) and {/3i, / 32 , ■ • ■, /3m-fc-i}, a partition of 
{ 1 , 2 ,... ,m + 1} into two subsets { 71 , 72 ,... , 7 fe+i} and { 81,82 
and a nonnegative number c, such that 

(Al, , Aq 2 ; • • • ; Aq^ , 0 ) G T~L ]^-\-2 (^71 ? 0(^2 5***5 5 c) (65) 

and 

(c; A^j^, A^ 2 , ■ ■ ■, ^ T~l-m-k{ 0 'Si , ) • • •) a^m-fe)' ( 66 ) 

If {ai, 02 , • • •, «fc} is empty, then (f 6 ^ reduces to Ai = + c and so, 

applying Lemma 13.71 to (IMl) with e = , gives 

(Al , Afii , Ap 2 ) • • • > ^[irn-k-l ) ^ '^m—kiP'Sl + ^7l ? *^^2 5 ^^3 5 * * * 5 ) ? 

i.e. (IMl) holds with s = min{(li, 7 i} and t = max{(5i,7i}- If {ai,a 2 ,---, 
Ofc} is nonempty, then applying the inductive hypothesis to (1651) yields one 
of two possible sub-cases: 
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Case 2 (a): There exist s,t & {1,2,... ,k + 1}, s <t, such that 
(Al , Aq-j^ , Aq .2 , ■ ■ ■ , Aq.j. ) G 

^k+lio-yi ) • • ■ ) ® 7 s_i) ®7s+i) • • • ) ®7t_i > ®7t+i > • ■ ■ > ®7fe+l > ®7s + ®7£’'') (®'^) 

Then, assuming the 7 * are labelled so that 71 < 72 < • • • < 7 fc+i, (IMl) holds 
by ([H711 and ([S5|) . with s = jg and t = 7 ^. 

Case 2 (b): There exists r € {1, 2,... , fe + 1}, such that 

(Al, Aq,j , Aq ,2 , • • •, Aqj, ) G 

T~Lk+l{(k'yi ) • • • ; ^7^-1 5 ^7^+1 ) • • • ) ^"fk+l ) ^ d" a7f )• 

Then by applying Lemma 13.71 to (f 66 |) with e = , we have that 

(c + tty., A^j^, A ^2 ) • • • ) ) G 'H-rn—k (a^i T > ^62 > ; ■ ■ ■ ; 

and hence (fHHll and (f69]l imply (f 6 ^ . where s = min{(ii, 7 r} and t = max{5i, 
7 r}. This completes the inductive step in Case 2 and finishes the proof. □ 

4. Main (equivalence) result 

We are now ready to prove the main result of this paper. 

Theorem 4.1. The following are equivalent: 

(1) (Al, A 2 , • ■ ■ , An) G Sni 
(ii) (Al, A 2 , . . . , An) G 
(hi) (Al, A 2 , • • •, An) is C-realisable; 

(iv) (Al, A 2 , • • •, An) satisfies Sp for some p. 

Furthermore, ifai, 02 ,... ,an > 0 are given, then (Ai; A 2 ,..., An) G Sn{ai, 02 , 
... ,an) if and only if (Ai; A 2 ,..., An) G 7 ^n(ai, 02 , • • • ,an)- 

Proof. The proof is divided into six parts: In part 1, we show that Sn{ai, 02 , 

■ ■ ■, CLn) T 'Hn{ai, 02 ,..., On). In Part 2, we show that 7^* ( oi, 02 ,..., Un) C 
Sn{ai,a 2 ,..., On). In Part 3, we use parts 1 and 2 to show that 5n(ai, 02 , • • •, 
On) = 'Hn(“i)“ 2 ) ■ ■ ■ ,On). In Part 4, we show that (ii) implies (iv). In Part 

5, we show that (iv) implies (iii) and hnally, in Part 6 , we show that (iii) 
mplies (ii). 
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Part 1 : Firstly, we claim that Sn{ai,a2, ■ ■ ■, ^n) ^ ^n(ai) ^2) ■ ■ ■ j On)- If 
n = 1 , there is nothing to prove. If (Ai; A2) S 52(01,02), then in particular, 
(Ai,A 2) is the spectrum of a nonnegative symmetric matrix with diagonal 
elements (01,02). Therefore the conditions given in ([ 2 |) hold and hence 
(Ai; A2) G ^2(0!) 02)- Now assume the claim holds for allnG{l, 2 ,...,m — 
1 }, m > 3 , and consider the case when n = m. 

Suppose (Ai;A2,...,Am) G 5 m(ai, 02,..., o^), where Ai > A2 > • • • > 
\m- Then there exists a,n m x m Soules matrix R = (r^j) such that the 
matrix RAR ^—where A := diag(Ai, A2,..., Am)—has diagonal elements 
(oi, 02,..., Om)- Assume also that the Oj are labelled so that Oj is the (j, j) 
entry of RAR^ and let us label the columns of P as x = ri, r2,..., rm. Our 
aim is to construct two smaller Soules matrices Ri and R2 from R and then 
apply the inductive hypothesis. 

By Theorem 12.81 there exists a Soules-type sequence M = {Mi,M2, 

... ,Mm) of partitions of { 1 , 2 ,..., m} such that for each i G { 2 , 3 ,... , m}, 
ri is given (up to a factor of ± 1 ) by (l 5 |). As before, let us write Mi = 
(A/),!, A/),2, • • • ,Mi^i}, i = 1,2,... ,m. Suppose A/2,1 = {71,72, • • • , 7 fc}, where 
7 i < 72 < ••• < 7 fe and M2,2 = {( 5 i, J2, • • •, where 5 i < 82 < 

■ ■ ■ < 5 m-k- Without loss of generality, we may assume that k < m — 1 , 
since if A: = m — 1 , we may relabel the set A/2,1 as M2,2 and vice versa. 
Let ai,a2, ■ ■ ■ ,Oik-i —where ai < a2 < ■ ■ ■ < Ofc-i—be those indices in 
{ 3 , 4 ,... , m] such that M*.,M** C A/2,1. Similarly, Let / 3 i, / 32 ,..., pm-k-i— 
where / 3 i < j32 < ■ ■ ■ < Pm-k-i —be those indices in { 3 , 4 ,..., m} such that 

Ml,M*p* cM2,2- 

Let Si be the k x {k + 1 ) submatrix of R obtained by selecting rows 
7 i, 72, ■ ■ ■, 7 fe and columns 1 , 2 , ai, Q!2, ..., Ofe-i. Let u denote the hrst col¬ 
umn of Si- Similarly, let S2 be the [m — k)x [m — k + 1 ) submatrix of R ob¬ 
tained by selecting rows ( 5 i, J2, ■ ■ ■, 8m-k and columns 1 , 2 , Pi, (32, ■ ■ ■, Pm-k-i- 
We denote the first column of S2 by v. By ([ 5 ]), either the second column of 
51 is (||u||/||tt||)n and the second column of S2 is —(||ii||/||i^||)i^ or the second 
column of Si is —(||i;||/||u||)u and the second column of S2 is (||ii|l/HiilDii- 
Without loss of generality, we may assume the former, as otherwise we may 
replace r2 with — r2. Hence we may write 


5i = 


u 


\u Ti 


and S2 = 


— nSlly To 
lU.lT ^2 


where Ti and T2 are kx (A;— 1 ) and {m—k)x (m—k—l) matrices, respectively. 
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We now define the (A: + 1 ) x (A: + 1 ) matrix 


:= 


hll -Ikll 0 0 


u 

hi 


-Ih 


u 


Ti 
0 0 


and the (m — k) x {m — k) matrix 


i?2 := 


M 


T2 


Note that |h|p + |h|P = |h|P = 1 and so Ri and i?2 have normalised, 
positive hrst columns. Moreover, Ri and i?2 are Soules matrices. To see this, 
consider the sequence M = {Mi,M2, ■ ■ ■ ,Mk+i) of partitions of {1, 2,... , A: + 
1}, where Mi = {{1, 2,... , A + 1}}, M2 = {{1, 2 ,... ,k},{k + 1}} and for 
i G { 3 , 4 ,..., A + 1 }, Mij := {s : 7s G A 4 ij}, where Mi is obtained from 
Mai-2 by removing those sets Mai_2,i ^ Mai-2 which are subsets of A/27. 
Then, labelling the columns of iii as y = fi, r2,..., rfc+i, we see that 


f,• = ± 


ii!/)j-'ip + ii!/)yii 


»i 


/ Mil „(•) _ llhH,«)' 

Vllsill ^ Iliill , 


for all i = 2 , 3 ,... , A + 1 and hence Ri is a Soules matrix. Similarly, R2 
may be seen to be a Soules matrix by considering the sequence M' = 
{M[,M2, ■ ■ ■ ,A/’m_fc) of partitions of { 1 , 2 ,... ,m — k}, where A/{ = {{ 1 , 2 ,... , 
m — A}} and for i G { 2 , 3 ,... , m — A}, A/Jj := {s : < 5 ^ G Ad'j}, where M{ 
is obtained from Mj3^_-^ by removing those sets Mi3^_-^^i G M|3^_^ which are 
subsets of A/2,1. 

Now set 

c := IhipAi + ||u|pA 2 (70) 

and observe that if 


Ai . diag(Ai, A2, Aq.,!^ , \a2 , * * *, ^ak—i ) ’ 

then the diagonal elements of the matrix are (a.y^,a.y2,..., a^^,c). 

To see this, note that for i = 1 , 2 ,... , A, the dehnitions of 7* and ai and the 
structure of R imply 


m k+1 


t =3 5=3 
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and hence 


k+l 

s=l 

k+l 

= Y,{Si)l{Ki)ss 

s=l 

k+l 

= r^-iAi + r‘^^2^2 + ^ r'^ias-2^as-2 
s=3 
m 

= r\^\i+r\^X2 + Y,^\t\t 

t=3 

= {RAR 
= a-^.. 

In addition, 

k+l 

= '^iRl)k+l,siRl)ss 

S=1 

= ||w|pAi + ||m|PA2 
= c. 

Therefore, by the inductive hypothesis, 

(Ai, A2, Aq/^ , \(X 2 ?‘‘‘?Act^_^) G 'hL}^-\- \ (^71 f ^72 5 * * * ? ^'yk t) • 

Similarly, if A2 := diag(c, A_a^, A/jj, • • •, then the diagonal elements 

of the matrix R2A2R2 are (05^,052, • • • ,a( 5 ^_fc)- To see this, note that for 
i = 1 , 2 ,... ,m — k, the definitions of A and ( 3 i and the structure of R imply 

m m—ky-1 

t=3 s=3 

and hence 

m—k 

{R2A2R^)n=Y,iR2)l{A2)ss 

S = 1 

2 m—k 

= y~! (T 2 )i,s-iA/ 3 ,_i 

s=2 
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■+ ^2 (^2)i,s-2Vs-2 

s=3 

II 112 m— fc +1 


— Vi Ai + 


'Ji^2+ ^2 ('^ 2 )?,sA 


/3s-2 


s=3 


- VSi,+ r5i,2^2 + ^ ^li,/3,_2 V =-2 


s=3 




t=3 




= asi- 


Note also that c > A2 > A^^ and hence the inductive hypothesis gives 
(C) A^J^ , A^2 ) ■ ■ ■ ) A^^_J._J ) G 'H-rn — k (®( 5 l J ®(52 ■>■■■) O^&rn-k)' 
Therefore, by Definition 13.11 (f 7 T]l and (f 72 D imply 


(Ai, A2 , . . . , XfYi ) G 02 , . . . , 0-772 )• ( 73 ) 

We have now shown that 5 n(ai, 02,..., a„) T 02, • • •, an)- 

Part 2 : We now claim "^*(01,02,..., an) C 5 n(ai, 02,..., an)- If n = 1 , 
there is nothing to prove. If (Ai;A2) G '^2(01,02), then there exists e > 0 
such that Ai = ai + e and A2 = 02 — e- If (Ai; A2) G ^2(^1 W2)) then e > 0 
and hence the matrix 


Rt) 


1 


\/ai — 02 + 2 e 
is a Soules matrix with 


y/ai - 02 + e 

-/e —Voi -02 + 6 


iioAi?o — 


Ol 


•\/ e (oi — 02 + e) 
A/e(oi - 02 + e) 02 


where A ;= diag(Ai,A2). Therefore (Ai;A2) G 52(01,02). Now assume the 
claim holds for n = m — 1 , m > 3 , and consider the case when n = m. 

Suppose (Ai;A2,...,Am) G R^{ai,a2, - - - ,am), where Ai > A2 > • • • > 
Xm- Then by Theorem 13.41 there exist s, t G { 1 , 2 ,... , m}, s < t, such that 


(Ai; A2,..., Am_i) G 


29 















1 (®1) ■ ■ ■ ) ®s—1) fls+l) ■ ■ ■ ) 1) ®t+l) • • • ) c) (74) 

and 

(c; Am) G 7 ^ 2 ( 05 , 0 *), (75) 

where c := a* + a* — Am- It is not difficult to see that in (1711) and (f75]l . it is 
possible to replace H hy T-L*. Let us assume the contrary. If 


(Ai; A 2 ,..., Am-i) 0 

T^m—1 (^1? • • • ; — 1; ®s+l? • • • ? —1 ? ^t+1 ,..., dYfi 1 c), 


then there exist partitions 


{ 1 , 2 ,.. . ,m - 1 } = {pi,P 2 ,- • • ,Pl] U {qi,q 2 ,-- - ,gm-«-i}, 

{1,2, ... ,m} \ {s,t} = {ri,r 2 ,.. - ,n_i} U {si,S 2 , ■ ■ .,Sm-i-i}, 
where {ri, r 2 ,..., n_i} may be empty, such that 


(Api; Ap2) • • • ) Apj ) G T-Ll{(lri , Ur2 > • • • ) ^ri_i ) c) 


and 


i^qi i ^92 ) ■ ■ ■ ) ^qm-l-1 ) ^ (®si ; 0,S2 i ■ ■ ■ ■: ■ 

In this case, (176]) and (1751) imply 


(76) 

(77) 


(Api; Ap2) • • •) Apj, Am ) ^ "^Z+l (^ri , 0^2 ) • • • ) ) Q-t)) (78) 

however, (|77)l and (f7^ contradict the fact that (Ai; A 2 , ■ ■ ■, Am) G 02 , 

..., am)- Hence 


(Ai; A2,..., Am-i) G 

T~Lm—\iP'l 1 ■ ■ ■ 1 1) ®s+l 1 ■ ■ ■ 1 Q-t—1) flt+l , . . . , ttjTT,, C ). (79) 

Similarly, suppose {c‘,Xm) G 'H2{as,at)\'H2ias,at) and assume, without loss 
of generality, that ag > at- Then c = ag and Am = at, and thus, replacing c 
by ttg in ([ 711 ) . we have 

(Ai; A2 , . . . , Xrn— 1 ) G T~Lm—l{^l ^t+1 , . . . , dm): 

(Am) G 7 ii{at), 

again contradicting the fact that (Ai; A2, - - -, Am) G 7 ^m(ai, 02,..., Om)- 
Thus 

(c; Am) G 7^2(05,0*)- ( 80 ) 
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Applying the inductive hypothesis to (I 79 p . there exists an (m — 1 ) x 
(m — 1 ) Soules matrix Ri, such that the matrix —where Ai := 

diag(Ai, A2,..., Am-i)—has diagonal elements 

(®1) • • • ) Q.S— 1 ) ) • • • ) Q.i—15 5 ■ ■ ■ 1 c). 


Note that if S' is a /c x /c Soules matrix and P is a, kx k permutation matrix, 
then = P{RQR^)P"^ is nonnegative for every nonnegative 

diagonal matrix 0 with non-increasing diagonal entries. Hence PR is a 
Soules matrix also. Therefore, we may assume, without loss of generality, 
that c is the (m — 1, m — 1) entry of i?iAiP^, since otherwise, we may replace 
i?i with PRi, where P is a suitable permutation matrix. Similarly, by (j8U|) . 
there exists a 2 x 2 Soules matrix P2 such that the matrix R2A2R2 —where 
A2 := diag(c. Am)—has diagonal elements (0^,04). Let Pi be partitioned as 


where u G ^ and U G 2 )x(m i) partitioned as 

R2 = [ V v' ] 

where v,v' G M^. 

By Lemma l2.Ill for matrices 

n- \ ^ M 

It .— T ! 

VU V 

and A := diag(Ai, A 2 ,..., Am), the matrix RAR^ has diagonal elements 
(oi, 02 ,..., Om)- We will show that P is a Soules matrix. To see this, 
let Af = (A/i, A/ 2 , • • •, Wm-i) be the Soules-type sequence of partitions of 
{1, 2,... , m — 1} associated with Pi , where A/) = {A/iq, A/i^ 2 , • • •, P 

may then be seen to be a Soules matrix by considering the Soules-type 
sequence Af = (A/i,A 2 ,... ,Afm), A/) = {A/),!, A/), 2 , • • •, A/),*}, of partitions of 
{1,2,..., m}, where for i G (1, 2, ..., m — 1}, Afij is given by 

J Afij = J^ij if m — 1 ^ A/ij 

1 Afij = A/ij U {m} if m — 1 G A/ij 

and A/m = {{!}, {2},... , {m}}. 

Therefore (Ai;A 2 , ..., Am) G 5m(ai, 02 ,..., Om)- Hence P*(ai, 02 ,..., 

®n) ^ ‘5^(oi, O 2 , . . . , Oifi)- 
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Part 3: We will now use parts 1 and 2 to show that 5 n(ai, 02, • • •, an) = 
'Hn{ai,a2,... ,an). By dehnition, if (Ai; A2, • • •, A^) G 5 „(ai, 02,..., o„), 
then there exist partitions 


{ 1 ,... ,n} 
{ 1 ,... ,n} 

such that 

II II 



'•U{/3f\... 

( 81 ) 


. 

1 G Sm (^a^(i ), o^(i) 

,..., 0 / 3 w) 

: i = l, 2 ,. 

..,k. ( 82 ) 


By Part 1 , in (f 52 D . we may replace S hy H and hence, by Observation 13.51 
(Ai, A2, • • • , Ajj) G T~Ln (® 1 ) 0 . 2 ) ■ ■ • ) On) • 

Conversely, if (Ai; A2,..., A„) G 7 in{ai, 02,..., an), then there exist par¬ 
titions of the form ( 1811 ) such that 




,(i) 


ent 


3 « 


o^(i), 


PriA 


) :i = l, 2 ,...,A:. ( 83 ) 


By Part 2 , in (f 83 ]l . we may replace %* by S and hence, by definition, 
(Ai, A2,..., An) G 5 n(oi, a2, ... , On). 

Part 4: We now claim that (ii) implies (iv). If (A) G T - Li , then A > 0 and 
(A) trivially satisfies Si. Now assume the claim holds for n G { 1 , 2 ,... , m— 1 } 
and suppose a := (Ai, A2,..., Am) G T-im, where Ai > A2 > • • • > \m- Then 
by Theorem 13.91 there exist e G [O, ^(Ai — A2)] and a partition 


{3,4,... ,m} = {pi,P 2 , ■.. ,Pi-i] U {qi,q 2 , ■ ■ .,qm-l-i], 


where {pi,P 2 , ■ ■ ■ ,Pi-i] or {^1,^2,..., qm-i-i] may be empty, such that 


(Ai e, Apj^, \p2 ,..., ^pi_i) G Hi 


and 


(A 2 + e, Aqj^, Xq2, . . . , A|j^_j_j) G T-Lm-i- 
By the inductive hypothesis, there exist k and t such that 


Oi (Ai e, Apj^, Xp^, ■ ■ ■, Ap,_j) 


and 


02 (A 2 + e, Ag^, Agj,..., Xq^_,_-^) 


satisfy Sfc and St, respectively. Furthermore, by Observation 12.171 we may 
assume k = t, i.e. (in the notation of Section ojj',(T 2 G Q^u- 
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Define also 


cJi :— (Ai, Xp^ , Xp2 , • • • j ), 

<^2 • (^2) , Xq2 ,■■■■, Xq^_i_^) . 

Recalling definitions ([9]) and ([8]) , we have {(Ti ) = (ci ) + £>£) 
A/§j^(ct 2 ) < e and 

7 := max{Ai — Ad§j^((Ti), A 2 } < max{Ai — e, A 2 } = Ai — e. 


Since Ai > 7 + -A/§j^(ct 2 ), cr = {(Ti,(T 2 ) satisfies S^+i. 

Part 5: We now claim (iv) implies (iii). The cases p = 1 and p = 2 
have been dealt with in Now assume that if a satisfies Sp_i, then a is 
C-realisable. The proof of the inductive step is essentially the same as the 
proof of [^, Theorem 3.7]. 

Part 6: Finally, we show that (iii) implies (ii). If (Ai, A 2 , ■ ■ ■, Xn) is C- 
realisable, then by definition, it may be obtained starting from the n lists 
(0), (0),... , (0) and using only the operations defined by Observation 12.141 
and Theorems 12.131 and 12.121 By Observation 13.51 Lemma 13.71 Theorem 13.81 
and the fact that (0) G we see that (Ai, A 2 ,..., A^) G ^n- D 

Corollary 4.2. If a is C-realisable, then a is symmetrically realisable. 

We will illustrate Part 1 of the proof of Theorem 14.11 by considering a 
specific example: 


Example 4.3. Consider again the list a = (Ai, A 2 , A 3 , A 4 , A 5 ) = (7,5,— 2 , 
—4, — 6 ). We showed in Example 12.91 that a G S 5 , and in Example 13.21 that 
cr G 

Given the Soules matrix R of Example 12.91 let us follow the proof of 
Theorem 14. ll to obtain the decomposition given in Figure [2j In the notation 
of the proof, we have k = 2, ^ 2,1 = { 71 , 72 } = { 1 , 2 }, M 2,2 = {Ai,<l 2 ,A 3 } = 
{3,4,5}, 01 = 5, (/3i,/l2) = (3,4), 


" 1 

1 

1 


1 

2v/2 

_]_ 

2 V 2 

V3 

2 

0 

2 

2 

A 

, ^2 = 

%/3 

C3 

1 

1 

1 

1 

1 

4 

4 

2C2 

C2 

2 

2 

V2 , 


C3 

4 

C3 

4 

_]_ 

2V2 

1 

72 J 


\u\ 



1 

71’ 


1 v(3 

2V2 4 4 


1 

71 ’ 
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r 1 

1 

1 1 


1 


0 

2 

2 

v/2 


2 

2 

1 

1 

1 


/s' 

1 

1 

2 

2 


, n2 — 

V 8 

2 V 2 


1 

. 

1 

C2 

0 


/? 
V 8 

_ ]_ 

2 V 2 

1 

V2_ 


and c = llulpAi + ||it|pA 2 = 6. Thus, in order to show that (7;5, —2,—4, 
—6) G 775 ( 0 , 0 , 0 , 0 , 0 ), it is sufficient to show that 

(7; 5,-6) G 773 ( 0 ,0,6) (84) 

and 

(6;-2,-4) G 773 ( 0 ,0,0). (85) 

Since dSl]) and (l85]) obey the conditions given in ([3]), Lemma iTSl implies that 
(f84]l and (f85]l hold. 

5. Comparison to the literature 

Over the years, many realisability criteria have been given in the liter¬ 
ature which guarantee that a list of real numbers a be the spectrum of a 
nonnegative matrix. Consider, for example, the list of sufficient conditions 
given in TablelH In this section, we demonstrate that if a := (Ai; A 2 ,..., \n) 
satishes any of these criteria, then a G Tin- 



Author 

Year 

See 

1. 

Suleimanova 

1949 


2. 

Perfect 

1953 

[9] 

3. 

Ciarlet 

1968 

[10] 

4. 

Kellog 

1971 

[11] 

5. 

Salzmann 

1972 

[12] 

6. 

Fiedler 

1974 

[13. Theorem 2.1] 

7. 

Borobia 

1995 

M 

8. 

Soto 

2003 

[15. Theorem 11] / Si 

9. 

Soto 

2003 

[15. Theorem 17] / S 2 


Table 1: Sufficient conditions for the RNIEP 

In [^, the authors prove that if a satishes any of the conditions 1-9, then 
cr must satisfy either Condition 7 or Condition 9. Radwan showed that 
Condition 7 is sufficient for the existence of a symmetric nonnegative matrix 
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with spectrum a and Soto 3^ showed that the same is true of Condition 
9. Hence all of the conditions 1-9 are sufficient for the SNIEP. Moreover, 
in [^, the authors show that if a obeys either Condition 7 or Condition 9, 
then a is C-realisable. Therefore, by Theorem 14.11 if a := (Ai, A 2 , • • •, A^) 
satisfies any of the criteria 1-9, then a G Tin- 

Finally, note that Tin is more general than any of the Conditions 1- 
9. The list a := (25, 21,18,16^-10, -10, -10, -10, -10, -10, -10, -10) was 
shown to be C-realisable in and was shown to satisfy §3 in (hence 
a G 7^12 by Theorem STl, but cr does not satisfy any of the conditions 1-9. 
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